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Abstract: We present a novel investigation on the enhancement of phase 
noise in coherent optical transmission system due to electronic chromatic 
dispersion compensation. Two types of equalizers, including a time domain 
fiber dispersion finite impulse response (FD-FIR) filter and a frequency 
domain blind look-up (BLU) filter are applied to mitigate the chromatic 
dispersion in a 112-Gbit/s polarization division multiplexed quadrature 
phase shift keying (PDM-QPSK) transmission system. The bit-error-rate 
(BER) floor in phase estimation using an optimized one-tap normalized 
least-mean-square (NLMS) filter, and considering the equalization enhanced 
phase noise (EEPN) is evaluated analytically including the correlation 
effects. The numerical simulations are implemented and compared with the 
performance of differential QPSK demodulation system. 
©2011 Optical Society of America 
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1. Introduction 
The performance of high speed optical fiber transmission systems is severely affected by 
chromatic dispersion (CD), polarization mode dispersion (PMD), phase noise (PN) and 
nonlinear effects [1–4]. Coherent optical detection allows the significant equalization of 
transmission system impairments in the electrical domain, and has become one of the most 
promising techniques for the next generation communication networks [4–10]. With the full 
optical field information, the fiber dispersion and carrier phase noise can be well compensated 
by the efficient digital signal processing (DSP). Several feed-forward and feed-back carrier 
phase estimation (CPE) algorithms have been validated as effective methods for mitigating the 
phase fluctuation from the laser sources [9–13]. However, the analysis of the phase noise in the 
transmitter (TX) and the local oscillator (LO) lasers is often lumped together in these 
algorithms, and the influence of the large chromatic dispersion on the phase noise in the system 
is not considered. 
Related work has been developed to deliberate the interplay between the digital chromatic 
dispersion equalization and the laser phase noise [14–21]. W. Shieh, K. P. Ho and A. P. T. Lau 
et al. have provided the theoretical assessment and analysis to evaluate the equalization 
enhanced phase noise (EEPN) from the interaction between the LO phase fluctuation and the 
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fiber dispersion in coherent transmission system [14–17]. C. Xie has investigated the impact of 
chromatic dispersion on both the LO phase noise to amplitude noise conversion and the fiber 
nonlinear effects [18,19]. I. Fatadin and S. J. Savory have also studied the influence of the 
equalization enhanced phase noise in QPSK, 16-level quadrature amplitude modulation 
(16-QAM) and 64-QAM coherent transmission systems by employing the time-domain CD 
equalization [20]. Due to the existence of EEPN, the requirement of laser linewidth cannot be 
generally relaxed for the transmission system with higher symbol rate. It would be of interest to 
investigate in more detail the bit-error-rate (BER) performance of the equalization enhanced 
phase noise in the coherent optical communication system employing electronic chromatic 
dispersion compensation. 
In this paper, we present a detailed analysis on the impact of the dispersion equalization 
enhanced phase noise in the coherent transmission system using two electronic dispersion 
equalizers: a time domain fiber dispersion finite impulse response (FD-FIR) filter and a 
frequency domain blind look-up (BLU) filter [22–25]. The investigation is performed in a 
112-Gbit/s non-return-to-zero polarization division multiplexed quadrature phase shift keying 
(NRZ-PDM-QPSK) transmission system, which is implemented in the VPI simulation 
platform [26]. The carrier phase estimation is realized by using a one-tap normalized least 
mean square (NLMS) filter [13,27], of which the leading order performance is analytically 
described. Using the FD-FIR and the BLU equalization, the bit-error-rate floor in the 
NLMS-CPE considering the EEPN is analytically evaluated. Simulation results are used to 
validate the error-rate floor prediction based upon the theoretical analysis. As an important 
reference case, a 28-Gsymbol/s differential QPSK (DQPSK) transmission system is also 
implemented for differential phase detection, of which the basic theory is already reported 
[28–30]. The CPE performance of the one-tap NLMS digital filter and the differential phase 
demodulation are comparatively analyzed. 
2. Principle of equalization enhanced phase noise 
The scheme of the coherent optical communication system with digital CD equalization and 
carrier phase estimation is depicted in Fig. 1. The transmitter laser signal including the phase 
noise passes through both transmission fibers and the digital CD equalization module, and so 
the net dispersion experienced by the transmitter PN is close to zero. However, the local 
oscillator phase noise only goes through the digital CD equalization module, which is heavily 
dispersed in a transmission system without dispersion compensation fibers (DCFs). Therefore, 
the LO phase noise will significantly influence the performance of the high speed coherent 
system with only digital CD post-compensation. We note that the EEPN does not exist in a 
transmission system with entire optical dispersion compensation for instance using DCFs. 
MZI 
modulator
Data
TX laser
N(t)
LO laser
TXje
 LOje

ADC
CD 
equalization
Carrier phase 
estimation
Symbol 
identification
Optical fiber
 
Fig. 1. Scheme of equalization enhanced phase noise in coherent transmission system. MZI: 
Mach-Zehnder interferometer, ΦTX: phase fluctuation of the TX laser, ΦLO: phase fluctuation of 
the LO laser,N(t): additive white Gaussian noise, ADC: analog-to-digital convertor. 
Theoretical analysis demonstrates that the equalization enhanced phase noise scales 
linearly with the accumulated chromatic dispersion and the linewidth of the LO laser [14–21], 
and the variance of the additional noise due to the EEPN can be expressed as follows - see e.g 
[14]: 
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where   is the central wavelength of the transmitted optical carrier wave, c  is the light 
speed in vacuum, D  is the chromatic dispersion coefficient of the transmission fiber, L  is 
the transmission fiber length, 
LOf  is the 3-dB linewidth of the LO laser, and ST  is the 
symbol period of the transmission system. 
It is worth noting that the theoretical evaluation of the enhanced LO phase noise is only 
appropriate for the FD-FIR and the BLU dispersion equalization, which represent the inverse 
function of the fiber transmission channel without involving the phase noise mitigation. The 
analysis of the phase noise enhancement due to the least-mean-square (LMS) adaptive 
dispersion equalization will be further discussed in a separate publication, and a preliminary 
example is presented in Section 5.1. 
3. Principle of normalized LMS filter for carrier phase estimation 
3.1 Principle of normalized LMS filter 
The one-tap NLMS filter can be employed effectively for carrier phase estimation [13,27], of 
which the tap weight is expressed as 
    
 
   *
2
1 NLMSNLMS NLMS PN NLMS
PN
w n w n x n e n
x n

    (2) 
        NLMS PE NLMS PNe n d n w n x n    (3) 
where  NLMSw n  is the complex tap weight,  PNx n  is the complex magnitude of the input 
signal, n  represents the number of the symbol sequence,  PEd n  is the desired symbol, 
 NLMSe n  is the estimation error between the output signals and the desired symbols, and 
NLMS  is the step size parameter. 
It has been demonstrated that the one-tap NLMS carrier phase estimation can be 
implemented by using the feed-forward control scheme [13]. Therefore, it is not difficult to 
implement the NLMS-CPE in a parallel-processing circuit for the real-time QPSK coherent 
transmission system. 
3.2 BER floor of phase estimation using NLMS filter with EEPN 
The phase estimation using the one-tap NLMS filter resembles the performance of the ideal 
differential detection [13,28–30], of which the BER floor can be approximately described by 
an analytical expression (see Appendix): 
 
1
2 4 2
 
  
 
NLMS
floorBER erfc


 (4) 
 2 2 2 2TX LO EEPN       (5) 
 2 2  TX TX Sf T   (6) 
 2 2LO LO Sf T     (7) 
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where 2  represents the total phase noise variance in the coherent transmission system, 2TX  
and 2
LO  are the original phase noise variance of the transmitter and the LO lasers 
respectively, and 
TXf  is the 3-dB linewidth of the transmitter laser. 
It should be noted that the variance of the original TX and LO phase noise are also 
considered in our derivation in addition to the enhanced LO phase noise included in the total 
phase noise. The deduction of the EEPN does not consider the intrinsic phase fluctuation from 
the TX and the LO lasers (see e.g [14].). We assume that the intrinsic TX laser, LO laser phase 
noise and the EEPN are statistically independent. This assumption is reasonable for practical 
communication systems with the transmission fiber length over 80 km, which will be discussed 
in Section 6.2. Therefore, the total phase noise variance can be calculated as the summation of 
the above three items. The BER floor of phase estimation using the one-tap NLMS filter with 
EEPN is shown in Fig. 2, which is obtained from Eq. (4). In Fig. 2(a), we could see that the 
BER floor rises with the increment of the fiber length and the LO laser linewidth, which 
demonstrates that the EEPN influences the performance of the high speed coherent 
transmission system significantly. Figure 2(b) indicates the BER floor in phase estimation for 
different combination of TX and LO lasers linewidth while keeping the sum of linewidths 
 TX LOf f  constant. To make the BER floor induced by only the TX phase noise be above 
10
9
, we need to select a large value (76 MHz and 122 MHz) of the laser linewidth in Fig. 2(b), 
which may not be used in the practical case. It can be found clearly that the EEPN arises from 
the LO phase noise, because the BER floor does not change with the increment of fiber length 
when there is only phase fluctuation from the TX laser. Theoretical investigation demonstrates 
that the enhanced LO phase noise plays the dominant role in total phase fluctuation, when the 
accumulated fiber dispersion is larger than 700 ps/nm (about 45 km normal transmission fiber) 
[14,16]. 
 
Fig. 2. BER floor of phase estimation in 112-Gbit/s coherent PDM-QPSK transmission system 
with EEPN.(a) TX laser linewidth is equal to LO laser linewidth, (b) different combination of 
TX and LO laserslinewidth while keeping the sum of linewidths 
TX LOf f   constant. 
3.3 Optimization of the step size in NLMS filter 
According to the reported investigation, the step size 
NLMS  has an optimal value to provide 
the best performance of the one-tap NLMS phase estimator for a certain laser phase noise [13]. 
Roughly speaking, a smaller step size will deteriorate the BER floor induced by the laser phase 
noise due to the fast phase changing occurring in the long effective symbol average-span. By 
contrast, a larger step size will degrade the NLMS phase estimator on the sensitivity of optical 
signal-to-noise ratio (OSNR), but influence the BER floor induced by the phase fluctuation 
little. The performance of the one-tap NLMS-CPE using different step size is shown in Fig. 3, 
where both of the TX and LO lasers linewidths are 5 MHz, and the fiber length is 2000 km. We 
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can see that the one-tap NLMS-CPE shows the best performance when using the optimum step 
size (μ=0.25), and the BER floor in NLMS-CPE is deteriorated obviously when the smaller 
step size (μ=0.025) is used. Meanwhile, we find that only the OSNR sensitivity is degraded 
while the BER floor has no significant variation, when the larger step size (μ=1) is employed in 
the one-tap NLMS-CPE. Note that the OSNR value is all defined in 0.1 nm and the penalty 
between the back-to-back result and the theoretical limit (at BER=10
3
) is around 1.8 dB. 
 
Fig. 3. Phase estimation using the one-tap NLMS filter with different value of step size, μ is the 
step size. (a) NLMS-CPE with FD-FIR dispersion equalization, (b) NLMS-CPE with BLU 
dispersion equalization. 
From the above analysis, it is important to determine the optimum step size in the 
application of the one-tap NLMS phase estimation. Corresponding to the definition of the 
original phase noise from TX and LO lasers, we employ an effective linewidth Efff  to 
describe the total phase noise in the coherent system with EEPN, which can be defined as the 
following expression: 
 
2 2 2
.
2
TX LO EEPN
Eff
S
f
T
  

 
   (8) 
In Fig. 4(a), we studied the optimum step size for different effective linewidth in the 
112-Gbit/s NRZ-PDM-QPSK coherent optical transmission system, which is applicable for 
both the FD-FIR filter and the BLU filter. It is found that the optimum step size increases with 
the effective laser linewidth. Note that the one-tap NLMS filter is employed with the optimum 
step size value for phase estimation in our simulation work. 
 
Fig. 4. The optimum step size and the OSNR penalty in NLMS-CPE. (a) optimum step size for 
different effective linewidth, (b) OSNR penalty in NLMS phase estimation with the optimum 
step size for FD-FIR and BLU equalization. 
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Using the FD-FIR and the BLU dispersion equalization, the OSNR penalty from 
back-to-back result at BER=10
3
 in the one-tap NLMS-CPE with the optimum step size are 
illustrated in Fig. 4(b). It is found that the OSNR penalty scales exponentially with the 
increment of the effective laser linewidth. 
It can be found in Fig. 3 and Fig. 4(b) that the coherent system using the FD-FIR and the 
BLU dispersion equalization has closely the same performance in the one-tap NLMS carrier 
phase estimation. Therefore, we will only analyze one of the two digital filters in our later 
discussion. 
4. Simulation investigation of PDM-QPSK transmission system 
The setup of the 112-Gbit/s NRZ-PDM-QPSK coherent transmission system implemented in 
the VPI simulation platform is illustrated in Fig. 5. The data sequence output from the four 
28-Gbit/s pseudo random bit sequence (PRBS) generators are modulated into two orthogonally 
polarized NRZ-QPSK optical signals by the two Mach-Zehnder modulators. Then the 
orthogonally polarized signals are integrated into one fiber channel by a polarization beam 
combiner (PBC) to form the 112-Gbit/s NRZ-PDM-QPSK optical signal. Using a local 
oscillator in the coherent receiver, the received optical signals are mixed with the LO laser to 
be transformed into four electrical signals by the photodiodes. The four electrical signals are 
processed by further using the Bessel low-pass filters (LPFs) with a 3-dB bandwidth of 19.6 
GHz. Then they are digitalized by the 8-bit analog-to-digital convertors (ADCs) at twice the 
symbol rate [31]. The sampled signals are processed by the digital equalizer, and the BER is 
then estimated from the data sequence of 2
16
 bits. The central wavelength of the transmitter 
laser and the LO laser are both 1553.6 nm. The standard single mode fibers (SSMFs) with the 
CD coefficient equal to 16 ps/nm/km are employed in all the simulation work. 
Here we neglected the influences of fiber attenuation, polarization mode dispersion and 
nonlinear effects in our simulation. The PMD and polarization rotation equalization could be 
realized by employing the adaptive LMS and constant modulus algorithm (CMA) equalizers 
[32]. The chromatic dispersion compensation is implemented by using the digital filters with 
appropriate parameters, which has been analyzed in our previous work [33]. 
PBS
QxIx
Transmission Fiber
X-Polarization
Y-Polarization
LO
PBS
PBS
PBC
QxIx
2x28Gbit/s 
2
15
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Fig. 5. Schematic of 112-Gbit/s NRZ-PDM-QPSK coherent optical transmission system. PBS: 
polarization beam splitter, OBPF: optical band-pass filter, PIN: PiN diode. 
With the increment of launched optical power, the fiber nonlinearities such as self-phase 
modulation (SPM), cross-phase modulation (XPM) and four-wave mixing (FWM) need to be 
considered in the long-haul wavelength-division multiplexing (WDM) transmission systems 
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[2]. The fiber nonlinear impairments can be mitigated and compensated by using the digital 
backward propagation methods based on solving the nonlinear Schrodinger (NLS) equation 
and the Manakov equation [34,35]. 
5. Simulation results 
5.1 Phase estimation considering EEPN with different CD equalization 
In Fig. 6, the FD-FIR equalization performance in the coherent transmission system with 
different fiber length is compared with the adaptive LMS dispersion equalization, where the 
results are processed by further using a one-tap NLMS filter for carrier phase estimation. The 
results are obtained under different combination of TX and LO lasers linewidth while keeping 
the sum of linewidths 
TX LOf f   constant. We can clearly see that influenced by the EEPN, 
the performance of FD-FIR equalization (the same in BLU equalization) reveals obvious fiber 
length dependence with the increment of LO laser linewidth. The OSNR penalty in phase 
estimation scales with the LO phase fluctuation and the accumulated dispersion. On the other 
hand, the dispersion equalization using the LMS filter shows almost the same behavior in the 
three cases [27]. That is because the dispersion interplays with the phase noise of both TX and 
LO lasers simultaneously in the adaptive equalization. Moreover, Fig. 6 also shows that the 
LMS filter is less tolerant against the phase noise than the other two dispersion equalization 
methods when carrier phase estimator is employed. 
 
Fig. 6. Carrier phase estimation for various fiber length with different CD compensation 
methods, where the linewidth of the TX and the LO lasers are in different combination while 
keeping the sum of linewidths constant. (a) FD-FIR filter, (b) LMS filter. 
5.2 Evaluation of BER floor in phase estimation with EEPN 
In Fig. 7, the performance of carrier phase estimation using the one-tap NLMS filter with the 
FD-FIR dispersion equalization is compared with the theoretical evaluation using Eq. (4). 
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Fig. 7. BER performance in NLMS-CPE for 2000 km fiber with FD-FIR dispersion 
equalization, T: theory, S: simulation. (a) different combination of TX and LO lasers linewidth 
while keeping the sum of linewidths constant, (b) only TX laser phase noise. 
Figure 7(a) illustrates the numerical results for different combination of TX and LO lasers 
linewidth while keeping the sum of linewidths 
TX LOf f   constant. With the increment of 
OSNR value, the numerical simulation reveals the BER floor only influenced by the phase 
noise, which achieves a good agreement with the theoretical evaluation. Figure 7(b) denotes 
the results with only the analysis of TX laser phase noise, where a slight deviation is found 
between the simulation results and the theoretical analysis. It arises from the approximation in 
the analytical evaluation of the one-tap NLMS phase estimator in Eq. (4), of which only the 
leading order is considered. It has been validated in our simulation work that the phase 
estimation with the BLU dispersion equalization performs closely the same behavior as the 
FD-FIR equalization. 
6. Differential phase detection 
6.1 Differential QPSK demodulation system 
The coherent optical transmission system can be operated in differential demodulation mode 
when the differential encoded data is recovered by a simple “delay and multiply algorithm” in 
the electrical domain. In such a case the encoded data is recovered from the received signal 
based on the phase difference between two consecutive symbols, i.e. the value of the complex 
decision variable  1 exp 4k kZ Z i

  , where kZ  and 1kZ   are the consecutive k-th and 
(k+1)-th received symbols. The BER floor of the differential phase receiver can be evaluated 
using the principle of conditional probability [28], which is expressed as the following 
equation: 
 
1
.
2 4 2
 
  
 
DQPSK
floorBER erfc


 (9) 
The BER performance of the 28-Gsymol/s DQPSK coherent transmission system with the 
FD-FIR dispersion equalization is illustrated in Fig. 8. Figure 8(a) shows the simulation results 
for different combination of TX and LO lasers linewidth while keeping the sum of linewidths 
TX LOf f   constant, and Fig. 8(b) denotes the performance of the differential demodulation 
system with only the TX laser phase noise. It is found that the BER behavior in the DQPSK 
coherent system can achieve a good agreement with the theoretical evaluation in Eq. (9) for 
both Fig. 8(a) and Fig. 8(b). The consistence between simulation and theory in DQPSK 
demodulation is better than the one-tap NLMS phase estimation in the case of only TX laser 
phase noise. 
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Fig. 8. BER performance in DQPSK system for 2000 km fiber with FD-FIR dispersion 
equalization, T: theory, S: simulation. (a) different combination of TX and LO lasers linewidth 
while keeping the sum of linewidths constant, (b) only TX laser phase noise. 
6.2 Correlation between EEPN and intrinsic LO phase noise 
In the evaluation for the BER floor of the one-tap NLMS phase estimation in Section 3.2, we 
have assumed that the intrinsic TX laser, LO laser phase noise and the equalization enhanced 
phase noise are statistically independent. Obviously, the TX laser phase noise is independent 
from the LO laser phase noise and the EEPN. Here we mainly investigate the correlation 
between the intrinsic LO laser phase noise and the EEPN. The total phase noise variance in the 
coherent optical transmission system can be modified as 
 2 2 2 2 2 .    TX LO EEPN LO EEPN        (10) 
where   is the correlation coefficient between the intrinsic LO laser phase noise and the 
EEPN, and we have the absolute value 1 . 
We have implemented the numerical simulation in the DQPSK system for different 
combination of the intrinsic LO laser phase noise and the EEPN while keeping a constant sum, 
which is illustrated in Fig. 9(a). It can be found that the BER floor does not show tremendous 
variation due to the correlation between the LO laser phase noise and the EEPN. The BER floor 
reaches the lowest value at 2 20.5EEPN LO  , which corresponds to the maximum value of the 
term 2  LO EEPN   . The cases for 
2 2
EEPN LO   and 
2 0EEPN  correspond to the mutual 
term 2 0LO EEPN    . From Fig. 9(a) we can find that   is usually a negative value. 
 
Fig. 9. Phase noise correlation in DQPSK system with BLU dispersion equalization, T: theory, 
S: simulation. (a) BER performance in different combination of EEPN and LO phase noise but 
keeping the same sum,(b) correlation coefficient for different fiber length. 
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The EEPN arises from the electronic dispersion compensation where the phase of the 
equalized symbol fluctuates during the time window of the digital filter, while the intrinsic LO 
laser phase fluctuation comes from the integration during the consecutive symbol period. 
Therefore, we could give an approximate theoretical evaluation of the correlation coefficient as 
 .S
T
N T
 

 (11) 
where N  is the required tap number (or the necessary overlap) in the chromatic dispersion 
compensation filter, and T  is the sampling period in the transmission system. The tap number 
(or the necessary overlap) can be calculated by the fiber dispersion to be compensated [22,25], 
and the sampling period 
1
2
ST T  when the sampling rate in the ADC modules is selected as 
twice the symbol rate. 
The absolute value of the correlation coefficient   for different fiber length is illustrated 
in Fig. 9(b), in which we can see that the correlation coefficient   determined from the 
numerical simulation achieves good agreement with the theoretical approximation. With the 
increment of fiber length, the magnitude of correlation coefficient   approaches zero 
rapidly. Consequently, we can neglect the correlation term in Eq. (10) when the fiber length is 
over 80 km. Therefore, the assumption in Eq. (5) is valid when the fiber length exceeds 80 km 
in practical optical communication systems. A more accurate analytical expression for 
correlation coefficient could be derived from the mathematical definition of correlation 
between two random variables by using the probability density functions (PDFs) of the LO 
phase noise and the EEPN [9,16]. This will be studied in our future work. 
Note that in Fig. 9 we use the BLU dispersion equalization rather than the FD-FIR 
equalization, because we need to employ various fiber length for different combination of the 
LO laser phase noise and the EEPN, while the FD-FIR filter shows the malfunctional 
performance for short distance fibers [33]. 
7. Conclusions 
To evaluate the impact of the dispersion equalization enhanced phase noise, two electronic 
dispersion equalizers involving the FD-FIR filter and the BLU filter are applied to compensate 
the CD in the 112-Gbit/s NRZ-PDM-QPSK coherent optical transmission system. The carrier 
phase estimation is implemented by using the one-tap normalized LMS filter, of which the 
performance is analyzed in detail. The BER floor of the one-tap NLMS phase estimation with 
the enhanced phase noise is analytically evaluated, and the simulation results are compared to 
the differential phase detection system. As a novel result, it is found that the FD-FIR and the 
BLU dispersion equalization with the one-tap NLMS carrier phase estimation have very 
similar phase noise statistic performance as using differential phase detection. The small 
deviation of significance for shorter transmission distance (when the EEPN is small) is 
tentatively attributed to the high order analysis in the NLMS phase estimation. We have for the 
first time evaluated the correlation between the LO phase noise and the EEPN in detail, and 
have given a novel quantitative explanation for the size of the correlation. It is verified that the 
correlation effect is only of practical significance for the transmission distance less than 80 km 
normal transmission fiber. 
The evaluation of the BER floor in phase estimation with the LMS adaptive dispersion 
equalization is rather complicated due to the equal enhancement of both TX and LO lasers 
phase noise as shown in the simulation example. This will be investigated in our future work. 
Moreover, the effects of EEPN on different phase estimation algorithms in coherent 
transmission system will be also studied in the future investigations. 
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Appendix: BER floor of phase estimation using one-tap NLMS filter 
Assuming that the one-tap NLMS filter has converged through numbers of iterations [27], the 
k-th output symbol after the carrier phase estimation can be expressed as 
 
     
 exp
 
   
PE NLMS PN
k k k k
y k w k x k
b E j 
 (A1) 
    expPN k kx k E j  (A2) 
    exp  NLMS k kw k b j  (A3) 
      NLMS PE PEe k d k y k   (A4) 
where  PNx k  is the k-th received symbol,  PEy k  is the k-th output symbol after the 
carrier phase estimation,  NLMSw k  is the k-th tap weight in the one-tap NLMS filter, kE is 
the complex envelope of the electrical field of the received symbol, 
k  is the total phase 
fluctuation in the received symbol, 
kb  is a positive real coefficient of tap weight, k  is the 
estimated phase in the one-tap NLMS filter. 
To achieve a satisfactory effect of phase noise compensation, we have the estimated error: 
   1.NLMSe k  (A5) 
Namely, we have the estimated phase as 
 .k k   (A6) 
Therefore, for the (k+1)-th received symbol, the (k+1)-th output symbol after the CPE can 
be describes as following equations: 
 
     
   1 1 12
1 1 1
exp ,  
   
 
       
  
PE NLMS PN
NLMS
k k PE k k k k
k
y k w k x k
b E e k E E j
E

 
 (A7) 
    1 11 exp ,PN k kx k E j    (A8) 
    
 
   21 .
   NLMSNLMS NLMS PE PN
PN
w k w k e k x k
x k

 (A9) 
It is found that the function of the one-tap NLMS filter resembles the ideal differential 
detection. The BER floor in the one-tap NLMS-CPE can be calculated correspondingly 
[28–30], which is described as the following expression: 
 
1
.
2 4 2
NLMS
floorBER erfc


 
  
 
 (A10) 
The BER floor in phase estimation using the one-tap NLMS filter with different phase 
noise variance is illustrated in Fig. 10. 
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Fig. 10. BER floor of phase estimation using one-tap NLMS filter. 
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